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' For the cr-model and Nambu-Goto actions, values of the Alday-Maldacena-regularized actions are calculated 

, on solutions of the equations of motion with constant non-regularized Lagrangian. It turns out that these values 

(N . coincide up to a factor, independent of boundary conditions. 

o , 

O ■ 1 Introduction 

The idea of string/gauge theory duahty is far from being new (see [1], [2] for intoduction to the subject). A particular 
incarnation of such a duahty, namely the AdS/CFT correspondence, first stated in [3] and then reformulated in [4] 
and [5], proved to be very helpful in obtaining results in strongly coupled gauge theories^. 

Alday and Maldacena [8] have recently calculated the four-point gluon scattering amplitude in A/" = 4 SYM. The 
• point is, that at the string theory side of the duality at the zeroth order of semiclassical expansion the scattering 
<]J I amplitude is equal to e^^"^ . Here, Sd stands for the action of a string, evaluated on some solution of the classical 
■ equations of motion with certain boundary conditions. Alday and Maldacena chose the cr-model action, and found 
some solution to the equations of motion. However, they realized that the Lagrangian is constant on this solution, so 
^SJ . that Sci diverges and seems to be independent of boundary conditions. They proposed a regularization procedure in 
K*" ' order to make answers finite. After regularization was applied, the dependence on boundary conditions was recovered. 

Later, Mironov, Morozov and Tomaras in [9] and [10] found a whole family of solutions with a constant Lagrangian 
[ for the cr-model and Nambu-Goto actions, which are of the form z — SaZac''"", v — SaVac'^"", where certain conditions 
' are imposed on Za,Va and ka (here, z and v are convinient coordinates on the AdS^ space, ZajVa ka are, respectively. 



constant scalars, 4- vectors and 2-vectors). It is known that solutions of the non-regularized NG equations of motion are 
solutions of the non-regularized cr-model equations of motion too, and these solutions correspond to Alday-Maldacena's 
f — ■ ' choise of Za- It seems that the regularization can break this simple relation between these two actions, hence the 
' regualrized areas, a priori, can be different. In this paper, we calculate these areas explicitly and it turns out that they 
J> , coincide up to a factor, dependent only on regularization parameter e and angle (f) between ka- This is quite surprising 
: '~j ■ and seemingly indicates presense of a more subtle relationship between the cr-model and NG actions. 
I Throughout this paper we freely use the notations and results of [9] and [10]. 



2 (7-model case 

The action under consideration is of the form 

Sa - / G.jS'^d'u, (1) 



where Gij — [dizdjZ -\- {zdiV — wdiZ, zdj-v — ■vdjz)) z - the metric induced by mapping M AdS^. Following the 

regularization procedure given in [8], we substitute z — > z (l -I- |) and add a factor of z"^. Further, we use the fact 
that Gij — const on solutions, in order to exclude v 

As soon as we are interested only in terms which do not go to zero while e ^ , in what follows all the equalities 
should be understood as right up to terms infinitesimal in the hmit of e — > . Solutions of the undeformed equations 
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of motion are of the form: z = 'Ea ZaC^"'^, v = So Vae*^"", where k = trG. The integral / z'^cP'u was evaluated in [9] 
and is equal to 

/ '''''' = WM\ + \ ^^(^^^^^^^^^ - T + ^ (^^^^^^^^^ - (S))) 



Thus, one immediately obtains 



1 (fc ,fc ) r 2 



Writing down the matrices {ka,kb) and ZaZt gjlg^b J z'^(Pu 



(4) 



fe^=l,(fe\fe^)=0 



/c^=l,(fe\/c^)=0 



it is easy to see that 



= |sin(0)|(l-.).^ + i ln(.i.2.3.4)) (5) 
Since (l + §) ^ = 1 — 5, , substituting (5) and (3) into (2) gives 

•^■^^ = f ■ i\ + - In (^1-22^324) - + ^ f 1"^^ (2;iZ22;32;4) - In^ T^i-^^ ^ + ^ + i In (^;i^22324) + 2) = 
|sm((/))| f 3 8V \Z2ZA J J e 2 y 

= (l + |l»(««3..)4(b^(««..)-.n"(|S))) = (6) 



2 / /I ^2\\ / ,2 

Following [8], to get a regularized area, this expression should be multiplied by 



I sin(^)|f^ 



27ra^ 27ra« V " ^ 12 ^ ''^ 



Thus, the regularized area for the cr-model is equal to 



2 



3 Nambu-Goto case 

In this case the action has the form 



Sng = J ^^sii^e^'GijGkid^ (9) 

Solutions with constant Gij look very similar to those of cr - model: they have the same form, but different constraints 
are imposed on ^a,Vo,fca (see [10]). Expanding in powers of epsilon, one obtains for the regularized action 

S^c = (1 + J) / Vd^ ( 1 + 1g-^«^ - f!G-^'G--^^^^^^|^) z^d^u (10) 

It is easy to see that the action is invariant under coordinate transformations of the worldsheet u = f{u). Hence, 
without loss of generality, we put ki = (1, 0), A;2 = (0, 1), Gij = diag ^) 

Difference with the a - model case is in overall factor of 5 and in the presense of a term contributing to the finite (i.e. 
e-independent) part of the action. This term is equal to 



( ^ " = ' e(l - .)(2 - .)(3 - e)e^ 4 5 d^d^ = ? ^l^) 



^We still reproduce the original Alday-Maldacena result, cf. [11] 



Substituting (12), (5) and (3) into (11) and manipulating with the expression just as in the cr-model case, one obtains 
Thus, the answer for the regularized area in the NG case is 

4 Conclusions 

Tims, we found that the difference between the two areas reduces to a factor, which is equal to 

Areaa- _ 2 / 
AreaNG I sm(j}\ \ 8 

2 in the numerator is due to instead of ^S^, which is actually related to Sng, was used. For orthogonal ka, and 
for Alday-Maldacena's solution particularly sin(/) = 1, and substitution of one action by another in the scattering 
amplitude results only in constant phase shift, which is equal to So, physics of the process is left unaffected by 
this substitution. This gives us a hope, that in further investigations and applications one action can be replaced with 
the other one. However, it still remains unknown whether this simple relation between amplitudes would survive if 
one takes into account further terms of the semiclassical expansion. 
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